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Department of Theoretical Physics, Moscow State University, 119899, Moscow, Russia
(Dated: October 30, 2018)
We develop generating technique for solutions of U(1)3 5D supergravity via dimensional reduction
to three dimensions. This theory, which recently attracted attention in connection with black
rings, can be viewed as consistent truncation of the T 6 compactification of the eleven-dimensional
supergravity. Its further reduction to three dimensions accompanied by dualisation of the vector
fields leads to 3D gravity coupled sigma model on the homogeneous space SO(4, 4)/SO(4)× SO(4)
or SO(4, 4)/SO(2, 2) × SO(2, 2) depending on the signature of the three-space. We construct a
8×8 matrix representation of these cosets in terms of lower-dimensional blocks. Using it we express
solution generating transformations in terms of potentials and identify those preserving asymptotic
conditions relevant to black holes and black rings. As an application we derive the doubly rotating
black hole solution with three independent charges. Suitable contraction of the above cosets is used
to construct a new representation of the coset G2(2)/(SL(2, R) × SL(2, R)) relevant for minimal
five-dimensional supergravity.
PACS numbers: 04.20.Jb, 04.50.+h, 04.65.+e
I. INTRODUCTION
Since the discovery of black rings [1] in five dimensions, a variety of solution generation methods were developed
to derive these solutions in a regular way and to construct their generalizations [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16, 17, 18]. These methods allow to find solutions possessing a certain number of isometries and they
can be combined into three groups: i) applications of T-duality symmetries acting on scalar and vector fields in any
dimensions, ii) the derivation of three-dimensional sigma models on homogeneous spaces, iii) further reduction to two
dimensions to apply soliton techniques. Usually the third approach involves the second one as an intermediate step.
Dimensional reduction of higher-dimensional supergravity theories to three dimensions accompanied by dualisation
of the vector fields leads to the enhanced U-duality symmetries (hidden symmetries) which contain transformations
useful for generating purposes. So far only a restricted class of hidden symmetries of five-dimensional supergravity
(the vacuum SL(3, R) subgroup [19, 20]) was applied to the black ring problems. Nevertheless, an application of
the level iii) technique based on this subgroup has led to impressive new results for vacuum black ring solutions
[5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15].
For charged black rings, only the T-duality at the level i) was used until recently to generate such solutions from the
uncharged ones. To proceed further to the level ii) one has to specify the five-dimensional lagrangian containing vector
fields. Pure Einstein-Maxwell theory in five dimensions fails to produce three-dimensional sigma-model on a symmetric
target space. Adding the Chern-Simons term, as prescribed by the minimal five-dimensional supergravity [21, 22],
one obtains a more symmetric three-dimensional sigma-model with an exceptional group G2(2) acting as the target
space isometry [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]. The corresponding generating technique was recently
developed in [36, 37]. It amounts to using the 7 × 7 matrix representation of the coset G2(2)/(SL(2, R)× SL(2, R))
and opens a way to construct the most general five-parametric black ring solution of the minimal five-dimensional
supergravity as well as its possible generalizations such as charged Saturns.
The purpose of this paper is to generalize the same approach to U(1)3 five-dimensional supergravity with three
vector fields. This theory can be regarded as a truncated toroidal compactification of the 11D supergravity:
I11 =
1
16πG11
∫ (
R11 ⋆11 1− 1
2
F[4] ∧ ⋆11F[4] −
1
6
F[4] ∧ F[4] ∧ A[3]
)
, (1)
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2where F[4] = dA[3], according to an ansatz
ds211 = ds
2
5 +X
1
(
dz21 + dz
2
2
)
+X2
(
dz23 + dz
2
4
)
+X3
(
dz25 + dz
2
6
)
, (2)
A[3] = A
1 ∧ dz1 ∧ dz2 +A2 ∧ dz3 ∧ dz4 +A3 ∧ dz5 ∧ dz6 .
Here zi, i = 1, . . . , 6 are the coordinates parameterizing the torus T 6. The three scalar moduli XI , (I = 1, 2, 3) and the
three one-forms AI depend only on the five coordinates entering ds25. The moduli X
I satisfy the constraintX1X2X3 =
1, implying that the five-dimensional metric ds25 is the Einstein-frame metric. The reduced five-dimensional action
reads:
I5 =
1
16πG5
∫ (
R5 ⋆5 1− 1
2
GIJdX
I ∧ ⋆5dXJ − 1
2
GIJF
I ∧ ⋆5F J − 1
6
δIJKF
I ∧ F J ∧ AK
)
,
GIJ = diag
(
(X1)−2, (X2)−2, (X3)−2
)
, FI = dAI , I, J,K = 1, 2, 3,
where the Chern-Simons coefficients δIJK = 1 for the indices I, J,K being a permutation of 1, 2, 3, and zero otherwise.
Supersymmetric solutions to this theory were studied in a number of papers [38, 39, 40, 41, 42, 43, 44, 45, 46, 47,
48]. The most general ring solution to this theory constructed so far [49] is a family of non-supersymmetric rings
parameterized by three conserved charges QI , three dipole charges qI , and a radius of S
1, with the mass M and the
two angular momenta Jψ, Jφ being some functions of these seven free parameters. An existence of a larger family of
non-supersymmetric black rings with nine independent parameters (M,Jψ, Jφ, QI , qI) is expected, such that reduces
to the solutions of [45, 46, 47, 48] in the supersymmetric limit. The generating technique developed in the present
paper provides a sufficient number of parameters to construct the nine-parametric solution.
It is worth noting that the ansatz (2) is far from being the general toroidal compactification of the 11D supergrav-
ity. The generic toroidal reduction leads to the five-dimensional theory with 27 vector fields and 42 scalar moduli,
parameterizing a coset E6(6)/USp(8). Correspondingly, the general black ring must contain 27 conserved charges and
27 dipole charges. More accurate analysis [50] shows that 24 conserved charges can be generated from the above
three by duality transformations, while the number of independent dipole charges is 15 (the number of independent
four-cycles of T 6).
Contraction of the above theory to minimal 5D supergravity is effected via an identification of the vector fields:
A1 = A2 = A3 =
1√
3
A,
and freezing out the moduli: X1 = X2 = X3 = 1. This leads to the Lagrangian
L5 = R5 ⋆5 1− 1
2
F ∧ ⋆5F − 1
3
√
3
F ∧ F ∧ A.
In this case our results go back to those of the Refs. [36, 37]. However, our matrix representation of the coset
SO(4, 4)/SO(4)×SO(4) leads upon this contraction to a new representation of the coset G2(2)/(SL(2, R)×SL(2, R)),
different and somewhat simpler than given in [36, 37].
II. 3D SIGMA-MODEL
A. Dimensional reduction
To perform dimensional reduction of the 11D theory to three dimensions we follow an approach of Ref. [51] (keeping
all basic notations of that paper) which has an advantage to provide the roots of the hidden symmetry group directly
in terms of the so called dilaton vectors (coefficients in the dilaton exponentials entering the reduced action). For
this purpose we go back to eleven dimensions and consider compactification of eleven-dimensional supergravity on the
torus T 8 = T 6 × T 2 parameterized by coordinates z1, . . . , z8. It will be convenient to distinguish the six coordinates
on the torus T 6, corresponding to the reduction to five dimensions, zi, i = 1, . . . , 6, from those on T 2, corresponding
to the reduction from five to three dimensions, which will be denoted by elder indices p, q = 7, 8. The decomposition of
the eleven-dimensional metric in terms of the five-dimensional and three-dimensional metrics incorporating a diagonal
ansatz (2) on T 6 (sector zi) and the KK ansatz on T 2 (sector zp) then reads in the notation of [51]:
ds211 = e
~s·~σds25 +
6∑
k=1
e2~γk·~σ(dzk)2 (3)
= e~s·
~θds23 + e
~s·~σ [e2~γ7·~ϕ(dz7 +A7 + χdz8)2 + κe2~γ8·~ϕ(dz8 +A8)2]+ 6∑
k=1
e2~γk·~σ(dzk)2,
3whereA7,A8 are three-dimensional Kaluza-Klein one-forms from the reduction of the five-dimensional metric on T 2, χ
is an axion arising in the reduction of the four-dimensional one-form Aˆ7 on the second cycle of T 2: Aˆ7 = A7 + χdz8
(in the notation of the Ref. [51] χ = A78), the factor κ = ±1 is responsible for the signature: κ = 1 for a space-like z8,
and κ = −1 for a time-like z8 . The eight-dimensional dilaton ~θ is split into the sum of the T 6 and T 2 components:
~θ = ~σ + ~ϕ, ~σ = (σ1, ..., σ6, 0, 0), ~ϕ = (0, ..., 0, ϕ1, ϕ2),
and the dilaton vectors can be presented as
~s = (s1, . . . , s8), sk =
√
2/((10− k)(9− k)), ~γk = 1
2
(~s− ~fk),
~fk =
(
0, 0, . . . , 0︸ ︷︷ ︸
k−1
, (10− k)sk, sk+1, sk+2, . . . , s8
)
, k = 1...8. (4)
The relation between the dilatons and the moduli XI with account for the constraint X1X2X3 = 1 is given by:
~s · ~ϕ = 1√
3
ϕ1 + ϕ2,
~s · ~σ = 0 ⇔ X1X2X3 = 1, (5)
X1 = e2~γ1·~σ = e2~γ2·~σ,
X2 = e2~γ3·~σ = e2~γ4·~σ, (6)
X3 = e2~γ5·~σ = e2~γ6·~σ,
2~γ7 · ~ϕ = − 2√
3
ϕ1, 2~γ8 · ~ϕ = 1√
3
ϕ1 − ϕ2,
(∂~σ)2 =
3∑
I=1
(
∂XI
XI
)2
. (7)
To rewrite the ansatz for the eleven-dimensional three-form potential A[3] in the notation of the Ref. [51] we will
use the pairwise indices ii′, jj′, . . . taking three values ii′ = (12, 34, 56), together with the indices on T 2: p = 7, 8, so
that
A[3] =
1
2
Aii′ ∧ dzi ∧ dzi
′
+
1
6
Aii′pdz
i ∧ dzi′ ∧ dzp.
Here the one-forms A12 = A
1, A34 = A
2, A56 = A
3 are the pull-back of the five-dimensional one-forms introduced
in (2) onto the three-space (assuming Aii′ = −Ai′i), and the scalars Aii′p = (A127, A347, A567, A128, A348, A568) are
axions arising in the reduction of the five-dimensional one-forms on T 2.
Using the result of the Ref. [51], we obtain the following three-dimensional Lagrangian (for κ = 1):
e−13 L3 = R3 −
1
2
(∂~θ)2 − 1
4
∑
i<i′
e~aii′ ·
~θ(Fii′ )
2 − 1
4
∑
p
e
~bp·~ϕ (Fp)2 − 1
2
∑
i<i′,p
e~aii′p·
~θ (Fii′p)
2 − 1
2
e
~b78·~ϕ (∂χ)2 + e−13 LCS , (8)
where the field strength two-forms are defined as
F7 = dA7 − dχ ∧ A8, F8 = dA8,
Fii′ = dAii′ − dAii′pγpq ∧ Aq, γ77 = γ88 = 1, γ78 = −χ,
Fii′p = γ
q
pdAii′q.
The newly introduced dilaton vectors are related to the quantities defined in (4) via
~aii′ = ~fi + ~fi′ − 3~s, ~aii′p = ~fi + ~fi′ + ~fp − 3~s, (9)
~bp = −~fp, ~b78 = ~f8 − ~f7.
Finally, the Chern-Simons term reads:
LCS = − 1
144
ǫii
′pkk′qjj′dAii′p ∧ dAkk′q ∧ Ajj′ ,
4where an eight-dimensional (T 8) Levi-Civita symbol is used.
In our truncated toroidal reduction the six-dimensional part of the dilaton ~σ is effectively two-dimensional in view of
the four constraints (5)-(6). So, together with the two-dimensional T 2-dilaton ~ϕ, one gets instead of the 8-dimensional
vector ~θ the four-dimensional vector ~φ = (φ1, φ2, φ3, φ4) with the following components:
φ1 =
1√
2
(
− ln(X3) + 1√
3
ϕ1 + ϕ2
)
, φ2 =
1√
2
(
ln(X3)− 1√
3
ϕ1 + ϕ2
)
, (10)
φ3 =
1√
2
(
ln(X3) +
2√
3
ϕ1
)
, φ4 =
1√
2
ln
X1
X2
. (11)
It has the same norm: 8∑
k=1
∂θ2k =
4∑
k=1
∂φ2k,
and the corresponding exponents convert to the four-dimensional ones as follows:
e~a12·
~θ → e~a12·~φ, e~b7·~ϕ → e~b7·~φ, . . . , ~φ = (φ1, φ2, φ3, φ4),
while the four-dimensional dilaton coefficient vectors in the new basis read:
~a12 =
√
2(−1, 0, 0,−1), ~a34 =
√
2(−1, 0, 0, 1), ~a56 =
√
2(0,−1,−1, 0),
~a127 =
√
2(0, 0, 1,−1), ~a347 =
√
2(0, 0, 1, 1), ~a567 =
√
2(1,−1, 0, 0),
~a128 =
√
2(0, 1, 0,−1), ~a348 =
√
2(0, 1, 0, 1), ~a568 =
√
2(1, 0,−1, 0),
~b7 =
√
2(−1, 0,−1, 0), ~b8 =
√
2(−1,−1, 0, 0), ~b78 =
√
2(0, 1,−1, 0).
B. T 2-covariant form
It will be useful to perform reduction on a torus T 2 in the 2D-covariant form decomposing the five-metric as
ds25 = λpq(dz
p + ap)(dzq + aq)− κτ−1ds23,
where the 2D metric λpq (p = 7, 8) is introduced:
λ = e
− 2√
3
ϕ1
(
1 χ
χ χ2 + κe
√
3ϕ1−ϕ2
)
, det λ ≡ −τ = κe− 1√3ϕ1−ϕ2 , (12)
and ap are the Kaluza-Klein one-forms: a7 = A7 − χA8, a8 = A8. For the moduli XI we have the following
expressions in terms of τ and the dilatons φ1, φ4:
(X1)2 = e
√
2φ4(X3)−1, (X2)2 = e−
√
2φ4(X3)−1, X3 = τ−1e−
√
2φ1 . (13)
Using the relations (10)-(11) we can rewrite the metric GIJ of the moduli space as
GIJ = −κ
τ
diag(e~a12·
~φ, e~a34·
~φ, e~a56·
~φ). (14)
C. Dualisation
To obtain a purely scalar 3D Lagrangian we have to perform dualisation of the 2-forms Fii′ and Fp. First of all
we change notation from that of the Ref. [51] replacing the pairwise indices ii′ = 12, 34, 56 by a capital Roman index
I = 1, 2, 3, and relabeling the axions similarly:
F I = (F12, F34, F56), u
I = (A127, A347, A567), v
I = (A128, A348, A568).
It is important to realize that the indices I are the vector indices in the moduli space endowed with the metric GIJ .
We also combine uI and vI into the T 2-covariant doublet ψIp = (u
I , vI) with the index p relative to the metric λpq,
5or, in the matrix form, ψI =
(
uI
vI
)
. In what follows the summation over all the repeated indices is understood. In
this notation the field strength tensors will read:
F I = dAI − dψIp ∧ ap, F7 = da7 + χda8, F8 = da8. (15)
To perform dualisation along the lines of [51] we introduce into the lagrangian (8) three Lagrange multipliers µI
ensuring the Bianchi identities for the two-forms F I − ψIpdap = dAI − d(ψIpap) and two Lagrange multipliers ωp
ensuring the Bianchi identities for the two-forms dap = γpqFq. We also rewrite the Chern-Simons term as follows
(see Eq. (3.29) in [51]):
LCS = 1
2
δIJKǫ
pq(dψIpψ
J
q ∧ FK +
1
3
dψIpψ
J
q ψ
K
r γ
r
s ∧ Fs),
with ǫpq = −ǫqp, ǫ78 = 1. Integrating by parts we can present the lagrangian (8) as
L3 = R3 ⋆ 1− 1
2
⋆ d~φ ∧ d~φ− 1
2
∑
i<i′,p
e~aii′p·
~φ ⋆ Fii′p ∧ Fii′p − τκ
2
GIJ ⋆ F
I ∧ F J +GI ∧ F I
− 1
2
e
~b7·~φ ⋆ F7 ∧ F7 − κ1
2
e
~b8·~φ ⋆ F8 ∧ F8 +Gp ∧ Fp,
where the one-forms GI , Gp are related to the scalars µI , ωp as follows:
GI = dµI +
1
2
δIJKdψ
J
pψ
K
q ǫ
pq,
G7 = V7, G8 = V8 − χV7,
Vp = dωp − ψIp
(
dµI +
1
6
δIJKdψ
J
q ψ
K
r ǫ
qr
)
,
Then, eliminating the initial two-forms F I , Fp via the equations of motion
F I = τ−1GIJ ⋆ GJ , F7 = −κe−~b7·~φ ⋆ G7, F8 = −e−~b8·~φ ⋆ G8, (16)
we obtain the lagrangian in the dual terms:
L3 = R3 ⋆ 1− 1
2
⋆ d~φ ∧ d~φ− 1
2
∑
i<i′,p
e~aii′p·
~φ ⋆ Fii′p ∧ Fii′p
+
1
2
τ−1GIJ ⋆ GI ∧GJ − κ1
2
e−
~b7·~φ ⋆ G7 ∧G7 − 1
2
e−
~b8·~φ ⋆ G8 ∧G8,
where GIJ is the inverse moduli metric GIJ . Note that the signs in the dilaton exponents were inverted under
dualisation. The Eqs. (15) together with the relations e
~b7·~φ = −κτλ77, e~b8·~φ = τ(χλ78 − λ88), which follow from the
definitions (10)-(11) and (12), enable us to rewrite the Eqs.(16) as the dualisation equations covariant with respect
to all indices:
τλpqda
q = ⋆Vp,
dAI = dψIp ∧ ap + τ−1GIJ ⋆ GJ ,
or, explicitly:
λpq∂
[iaj]q =
1
2τ
√
h
ǫijk
[
∂kωp − ψIp
(
∂kµI +
1
6
δIJK∂kψ
J
r ψ
K
s ǫ
rs
)]
, (17)
∂[iAj]I = ap[j∂i]ψIp +
1
2τ
√
h
ǫijkGIJ
(
∂kµJ +
1
2
δJKL∂kψ
K
p ψ
L
q ǫ
pq
)
, (18)
where the antisymmetrization is assumed with 1/2.
Combining all the above formulas we can present the dualised action as that of a 3D gravity coupled sigma model:
I3 =
1
16πG3
∫ √
|h|
(
R3 − GAB ∂Φ
A
∂xi
∂ΦB
∂xj
hij
)
d3x,
6where hij is the inverse metric of the three-space, R3 is the corresponding Ricci scalar and GAB(ΦA) is the metric
of the target space parameterized by sixteens scalar variables ΦA = (~φ, ψI , µI , χ, ωp), which can be read off from the
following line element:
dl2 = GABdΦAdΦB (19)
=
1
2
(
(d~φ)2 + κe
√
2(φ1+φ4)(G1)
2 + κe
√
2(φ1−φ4)(G2)2 + κe
√
2(φ3+φ2)(G3)
2
+ e
√
2(φ3−φ4)(du1)2 + e
√
2(φ4+φ3)(du2)2 + e
√
2(φ1−φ2)(du3)2
+ κe
√
2(φ2−φ4) (dv1 − χdu1)2 + κe√2(φ4+φ2) (dv2 − χdu2)2 + κe√2(φ1−φ3) (dv3 − χdu3)2
+ κe
√
2(φ1+φ3)(G7)
2 + e
√
2(φ1+φ2)(G8)
2 + κe
√
2(φ2−φ3)dχ2
)
.
This line element can be more concisely rewritten in the T 2-covariant form:
dl2=
1
2
GIJ (dX
IdXJ+dψI
T
λ−1dψJ )− 1
2
τ−1GIJGIGJ+
1
4
Tr
(
λ−1dλλ−1dλ
)
+
1
4
τ−2dτ2− 1
2
τ−1V Tλ−1V.
D. Hidden symmetry
The set of the dilaton vectors ~aii′ ,~aii′p,~bp,~b78 is directly related to the root system of the isometry algebra of the
target space [51]. Enumerating them as
− ~aii′ = (~e1, ~e2, ~e3); ~aii′7 = (~e4, ~e5, ~e6); ~aii′8 = (~e7, ~e8, ~e9); −~bp = (~e10, ~e11); ~b78 = ~e12,
one can easily see that these twelve four-dimensional vectors form the system of positive roots of the algebra so(8).
Indeed, from the relations (9) and the property
8∑
k=1
~fk = 9~s,
one can express ~e1, ~e2, ~e3, ~e7, ~e8, ~e9, ~e10, ~e11 in terms of ~e4, ~e5, ~e6, ~e12 as follows:
~eI =
∑
K 6=I
~eK+3 + ~e12, ~eI+6 = ~eI+3 + ~e12,
~e10 =
∑
K
~eK+3 + ~e12, ~e11 =
∑
K
~eK+3 + 2~e12.
It is clear then that the vectors ~e4, ~e5, ~e6, ~e12 are the simple roots forming the Dynkin diagram of so(8) [52].
The signature of the target space is +16 for κ = 1 (dimensional reduction in all space-like directions) and (+8,−8)
κ = −1 (one of the reduced dimensions is time-like). Then it is easy to recognize that the isometry group is the
non-compact form SO(4, 4) of the SO(8), whose Killing metric has the signature (−12,+16), while the target space is
the coset SO(4, 4)/SO(4)×SO(4) for κ = 1 and SO(4, 4)/SO(2, 2)×SO(2, 2) for κ = −1. For these both symmetric
spaces the scalar curvature is negative:
R = −96.
Denoting the four-dimensional Cartan subalgebra of so(4, 4) as ~H , and the generators corresponding to the non-zero
roots ±~ek, k = 1, . . . , 12 as P±I , W±I , Z±I , Ω±p, X±, we will have the relations:
P±I ↔ ±~eI , W±I ↔ ±~eI+3, Z±I ↔ ±~eI+6, Ω±p ↔ ±~ep+3, X± ↔ ±~e12.
The commutators of these generators with the Cartan subalgebra ~H read:
[ ~H,X±] = ±~e12X±,
[ ~H,Σp±I ] = ±~eI+3(p−6)Σp±I , (20)
[ ~H,Ω±p] = ±~ep+3Ω±p,
[ ~H, P±I ] = ±~eIP±I ,
7where we have arranged WI , ZI into a column vector ΣI =
(
WI
ZI
)
. The remaining non-zero commutators are
obtained from the relations between the root vectors
~eI+3 + ~eJ+6 = ~eK , ~eI+3 + ~e12 = ~eI+6, ~eI+3(a+1) + ~eI = ~ea+10 (a = 0, 1), ~e12 + ~e10 = ~e11,
where in the first equations I, J,K are all different. One finds:
[Σp±I ,Σ
q
±J ] = ∓ǫpqδIJKP±K , [Σp∓I ,Σq±J ] = ±ǫpqδIJX±,
[X±,W±I ] = ∓Z±I , [X∓, Z±I ] = ∓W±I , (21)
[Σp±I , P
±J ] = ∓δJI Ω±p, [Σp±I , P∓J ] = ±ǫp.qδIKδKJLΣq∓L,
[X±,Ω±7] = ∓Ω±8.
We will give the generators of SO(4, 4) as differential operators acting on the target space manifold in what follows.
III. COSET REPRESENTATIVE
A. The strategy
As a convenient representative of the coset one can choose the upper triangular matrix V which transforms under
the global action of the symmetry group G by the right multiplication and under the local action of the isotropy
group H by the left multiplication:
V → V ′ = h(Φ)Vg, g ∈ G, h ∈ H.
Given this representative, one can construct the H−invariant matrix
M = VTKV , (22)
where K is an involution matrix invariant under H :
h(Φ)TKh(Φ) = K, (23)
(dependent on the coset signature parameter κ). Then the transformation of M under G will be
M→M′ = gTMg. (24)
The target space metric (19) in terms of the matrix M will read
dl2 = −1
8
tr(dMdM−1). (25)
The desired upper-triangular matrix V can be constructed by an exponentiation of the Borel subalgebra of the Lie
algebra of G consisting of the Cartan H and the positive-root E+ generators (in what follows we omit the sign + in
the indices):
V = VHVE+ = VHVXVΨVΩVP ,
where the matrices VH , VX , VΨ, VΩ, VP are the exponentials:
VH = e 12 ~φ· ~H ,
VX = eχX ,
VΨ = eψ
IΣI , (26)
VΩ = eωpΩ
p
,
VP = eµIP
I
.
Using (25), one can rewrite the target space metric in terms of the matrix current J = dVV−1 as follows:
dl2 =
1
4
tr(J 2) + 1
4
tr(J TKJK−1).
8Using the Eqs.(26) and the commutators (20) and (21) for the positive-root generators, one can show that the matrix
current one-form J is spanned by the Borel subalgebra generators as follows:
J = dV V−1 = 1
2
d~φ · ~H + e 12~e12·~φ dχX +
∑
I
e
1
2
~eI+3·~φ duI WI +
∑
I
e
1
2
~eI+6·~φ (dvI − χduI) ZI
+
∑
p
e
1
2
~ep+3·~φGp Ωp +
∑
I
e
1
2
~eI ·~φGI P I .
B. Matrix representation
We use the 8× 8 matrix representation of the so(4, 4) algebra given in the Appendix A. The exponentiation of the
Borel subalgebra gives the coset representatives in the following block form:
V =
(
S R
0 S˜
)
,
where S and R are 4× 4 matrices which in turn have the block structure:
S =
(
sij ai
bj s
)
, R =
(
a′i rij
s′ b′j
)
, i, j = 1, . . . , 3.
In what follows we use the symbol T̂ to denote transposition with respect to the minor diagonal and the symbol A˜
to denote A˜ = −AbT for a degenerate matrix A (detA = 0) and A˜ = (A−1)bT for a non-degenerate A (detA 6= 0). In
particular,
(ψI)T = (uI , vI), ψ˜I = −(vI , uI), (ψ˜I)T = −
(
vI
uI
)
.
When applied to a matrix written in the block form, this means:
S˜ =
(
s−1 a˜i
b˜j s˜ij
)
.
In the above blocks we use the following 3× 3 matrix potentials:
φ̂ =
 φ1 0 00 φ2 0
0 0 φ3
 , χ̂ =
 0 0 00 0 χ
0 0 0
 ,
Ψ3 =
 0 u3 −v30 0 0
0 0 0
 , ω̂ =
 ω7 ω8 00 0 0
0 0 0
 , µ̂3 =
 0 0 0−µ3 0 0
0 0 0
 ,
and the 3-columns:
Ψa =
 uava
0
 , µ̂a =
 µa0
0
 .
An explicit exponentiation in (26) gives the following 4× 4 blocks for the partial coset representatives:
VH : SH =
(
e
1√
2
bφ
0
0 e
1√
2
φ4
)
, RH ≡ 0,
VX : SX =
(
e−bχ 0
0 1
)
, RX ≡ 0,
9VΨ : SΨ =
(
eΨ3 e
1
2
Ψ3Ψ˜T1
0 1
)
, RΨ =
(
e
1
2
Ψ3Ψ˜T2 Ψ
0 ΨT2 e
1
2
eΨ3
)
,
where
Ψ =
1
2
(
Ψ12 +
1
3
(Ψ3Ψ12 +Ψ12Ψ˜3) +
1
12
Ψ3Ψ12Ψ˜3
)
+
1
2
(1↔ 2).
The remaining exponentials are:
VΩ : SΩ =
(
1 0
0 1
)
, RΩ =
(
0 Ω
0 0
)
, Ω = ω̂ + ˜̂ω.
VP : SP =
(
1 µ̂2
0 1
)
, RP =
(
µ̂1 −Π− µ̂2 ⊗ ˜̂µ1
0 ˜̂µ1
)
, Π = µ̂3 + ˜̂µ3.
For the K-involution matrix we have the following block representation:
SK = E , E =
(
κ̂ 0
0 1
)
, κ̂ = diag(κ, κ, 1), E˜ = κE , RK ≡ 0.
Multiplying all the matrices VH ,VX ,VΨ,VΩ and VP we obtain for the coset representative V :
V =
(
S R
0 S˜
)
, S˜ = (S−1)
bT ,
where
S =
(
e
1√
2
bφ
e−bχeΨ3 , e
1√
2
φ
e−bχρ̂21
0 e
1√
2
φ4
)
, ρ̂12 = µ̂1 + e
1
2
Ψ3Ψ˜T2 , ρ̂21 = µ̂2 + e
1
2
Ψ3Ψ˜T1 ,
R =
(
e
1√
2
bφ
e−bχρ̂12, e
1√
2
bφ
e−bχ
(
eΨ3(Ω−Π− µ̂2 ⊗ ˜̂µ1) + e 12Ψ3 ∑2a=1 Ψ˜Ta ⊗ ˜̂µa +Ψ)
0 e
1√
2
φ4˜̂ρ12
)
.
Finally, we construct the gauge-invariant representative of the coset (22):
M =
( P PQ
QTP P˜ +QTPQ
)
, Q = S−1R, P = STES, P˜ = S˜T E˜S˜,
with the block components Q = −QbT :
Q =
(
µ̂1 + e
− 1
2
Ψ3Ψ˜T2 , −Π+ 12 (Ψ21 −Ψ12) + Ω− µ̂2 ⊗ΨT2 + 13Ψ3(12Ψ12 −Ψ21)− Ψ˜T2 ⊗ ˜̂µ2 − 13 (12Ψ12 −Ψ21)Ψ˜3
0, ˜̂µ1 +ΨT2 e− 12 eΨ3
)
.
(27)
and P :
P = PT =
(
eΨ
T
3 ΛeΨ3 , eΨ
T
3 Λρ̂21
ρ̂T21Λe
Ψ3 , ρ̂T21Λρ̂21 + e
√
2φ4
)
. (28)
The matrix Λ entering this expression reads:
Λ = e−bχ
T
e
1√
2
bφ
κ̂ e
1√
2
bφ
e−bχ =
(
κe
√
2φ1 0
0 λ˜0
)
,
where the 2× 2 matrix λ0, related to λ as λ0 = (X3)−1λ, is given by
λ0 = e−
√
2φ3
(
1 χ
χ χ2 + κe
√
2(φ3−φ2)
)
, λ˜0 = κe
√
2φ2
(
1 −χ
−χ χ2 + κe
√
2(φ3−φ2)
)
. (29)
The following relations are useful:
λ˜077 = −
λ077
τ0
, λ˜078 =
λ078
τ0
, λ˜088 = −
λ088
τ0
, τ0 = − det(λ0) = −κe−
√
2(φ2+φ3), τ˜0 = τ
−1
0 .
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IV. ISOMETRIES OF THE TARGET SPACE
A. Transformation of the coset
To classify 28 isometry transformations SO(4, 4) of the target space we consider the action of one-parameter
subgroups generated by
~H, P±I , W±I , Z±I , Ω±p, X±. (30)
In terms of the gauge-independent coset matrix M the isometries are represented by (24). In conformity with the
matrix representation (A1) we can distinguish three types of the SO(4, 4) matrices g:
• The ’right’ upper-triangular matrices generated by the B-type elements of so(4, 4):
gR = e
α C =
(
1 eαB
0 1
)
, C = P 1, P 3,W2, Z2,Ω7,Ω8,
whose action on the coset components P and Q consists in the shift
P −→ P ′ = P , Q −→ Q′ = Q+ αB. (31)
These correspond to gauge transformations.
• The “central” block-diagonal matrices with the upper-triangular blocks
gSu = e
α C =
(
eαA 0
0 eα
eA
)
, C = P 2,W1,W3, Z1, Z3, X,
with the lower-triangular blocks
gSd = e
α C =
(
eαA
T
0
0 eα
eAT
)
, C = P−2,W−1,W−3, Z−1, Z−3, X−,
and with the diagonal blocks
gS = e
α C =
(
eαA
T
Hi 0
0 eα
eATHi
)
, C = Hi, i = 1 . . . 4.
These act on the P and Q blocks as follows:
P −→ P ′ = eαMTPeαM , Q −→ Q′ = e−αMQeαfM , (32)
where M = A,AT or AHi for g = gSu, gSd or gS respectively.
• The “left” lower-triangular type matrices
gL =
(
1 0
eαB
T
1
)
,
whose action on the P and Q is highly non-trivial
P ′ = P + αPQBT + αBQTP + α2B(P˜ +QTPQ)BT ,
P ′Q′ = PQ+ αB(P˜ +QTPQ),
P˜ +QTPQ = inv.
It is this part of isometries which contains the charging transformations.
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Meanwhile, there exists a reflection symmetry of the root diagram interchanging positive and negative roots. This
enable us to reparameterize the target space metric introducing the dual coordinates ΦAd in which the positive root
generators look the same as the negative roots generators in terms of the initial coordinates ΦA. Thus the dual coset
matrix Md(ΦAd ) constructed from the dual potentials will be transformed under the action of the lower-triangular
generators in the same way as the coset matrix M(ΦA) under the gauge transformation gR. We find that the dual
coset matrix is an inverse of the initial coset matrix:
Md =
( Pd PdQd
QTd Pd P˜d +QTd PdQd
)
=M−1 =
( P−1 +QP˜−1QT −QP˜−1
−P˜−1QT P˜−1
)
.
The transformation of the M components under gL is then described as the shift of the dual matrix Qd
P˜−1d −→ (P˜−1d )′ = P˜−1d , Qd −→ Q′d = Qd − αB.
B. Finite transformations explicitly
From now on we will assume κ = −1. Using Eqs. (31) and (32) it easy to find the finite actions of the Cartan and
the positive-root transformations. The diagonal ones give:
H1 : φ
′
1 = φ1 + 2α1, ω
′
p = ωpe
−α1 , ψ′3 = ψ3e
−α1 , µ′a = µae
−α1 ,
H2 : φ
′
2 = φ2 + 2α2, ω
′
8 = ω8e
−α2 , v′1 = v1e
−α2 , v′2 = v2e
−α2 ,
u′3 = u3e
α2 , µ′3 = µ3e
−α2 , χ′ = χe−α2 ,
H3 : φ
′
3 = φ3 + 2α3, ω
′
7 = ω7e
−α3 , u′1 = u1e
−α3 , u′2 = u2e
−α3 ,
v′3 = v3e
α3 , µ′3 = µ3e
−α3 , χ′ = χeα3 ,
H4 : φ
′
4 = φ4 + 2α4, ψ
′
1 = ψ1e
α4 , ψ′2 = ψ2e
−α4 , µ′1 = µ1e
−α4 , µ′2 = µ2e
α4 .
The upper-triangular matrices (positive-roots) produce gauge transformations of the potentials ΦA. Namely, the
generators P I and Ωp give simple gauge shifts of the potentials µI and the KK-potentials ωp respectively:
µ′I = µI + α
I
µ, ω
′
p = ωp + α
p
ω, other potentials invariant.
The generatorsWI and ZI of the electromagnetic sector produce the gauge shift of the axions u
I and vI respectively,
changing also some other potentials:
WI : (u
I)′ = uI + αIu, µ
′
J = µJ +
1
2
δIJKα
I
uv
K , no sum over I,K
ω′7 = ω7 + α
I
uµI +
1
6
∑
J,K
δIJKα
I
uu
JvK , ω′8 = ω8 +
1
6
∑
J,K
δIJKα
I
uv
JvK , no sum overI.
ZI : (v
I)′ = vI + αIv, µ
′
J = µJ −
1
2
δIJKα
I
vu
K , no sum over I,K
ω′8 = ω8 + α
I
vµI −
1
6
∑
J,K
δIJKα
I
vu
JvK , ω′7 = ω7 −
1
6
∑
J,K
δIJKα
I
vu
JuK , no sum over I.
Finally, the generators X and X− lead to finite transformations:
X : (vI)′ = vI + αχuI , ω′8 = ω8 + αχω7,
λ0
′
77 = λ
0
77, λ
0′
78 = λ
0
78 + αχλ
0
77, λ
0′
88 = λ
0
88 + 2αχλ
0
78 + α
2
χλ
0
77
X− : (uI)′ = uI + α−χvI , ω′7 = ω7 + α−χω8,
λ0
′
88 = λ
0
88, λ
0′
78 = λ
0
78 + α−χλ
0
88, λ
0′
77 = λ
0
77 + 2α−χλ
0
78 + α
2
−χλ
0
88,
with the remaining potentials invariant.
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C. Killing vectors
To find the differential operators generating isometries (the Killing vectors Xk of the target space) from the finite
transformations one can use the defining equations
Xk =
∂ΦA
′
∂αk
∣∣∣
αk=0
∂
∂ΦA
,
where ΦA
′
= ΦA
′
(ΦB, αk) are the potentials transformed under the action of the one-parametric subgroups. Here we
give Xk corresponding to the Cartan, positive-root and X
− generators. The others Killing vectors are much more
complicated and we will present them in the next section only for the vacuum seed potentials. Enumerating the
potentials as ΦA = (X1, X2, λ0pq , ψ
I , µI , ωp) and the parameters as αk = (α1, ..., α4, α
I
u, α
I
v, α
I
µ, α
p
ω , αχ, α−χ) we find
the following set of the Killing vectors:
Mp
q = 2λ0pr
∂
∂λ0rq
+ ωp
∂
∂ωq
+ δqp ωr
∂
∂ωr
+ δqp µI
∂
∂µI
+ ψIp
∂
∂ψIq
,
H1 +H4√
2
= 2(X1)2X2
∂
∂X1
+ ψ1p
∂
∂ψ1p
− ψ2p
∂
∂ψ2p
− ψ3p
∂
∂ψ3p
− 2µ1 ∂
∂µ1
− ωp ∂
∂ωp
,
H1 −H4√
2
= 2(X2)2X1
∂
∂X2
+ ψ2p
∂
∂ψ2p
− ψ1p
∂
∂ψ1p
− ψ3p
∂
∂ψ3p
− 2µ2 ∂
∂µ2
− ωp ∂
∂ωp
,
ΣpI =
∂
∂ψIp
+
1
2
δIJKǫ
pqψKq
∂
∂µJ
+ µI
∂
∂ωp
+
1
6
δIJKǫ
pqψJq ψ
K
r
∂
∂ωr
,
Ωp =
∂
∂ωp
, P I =
∂
∂µI
,
where Mp
q are given by
M7
7 = − 1√
2
(H1 +H3), M8
8 = − 1√
2
(H1 +H2), M7
8 = X, M8
7 = X−.
V. SOLUTION GENERATING TECHNIQUE
The use of the target space isometries for generating purposes consists in three steps. First, one has to choose the
seed solution and to find the corresponding target space potentials. This involves solving the (differential) dualisation
equations. Then the isometry transformations are applied to get the target space potentials of the new solution.
Finally one has to solve back the dualisation equations (18) to obtain new solution in terms of the metric and the
matter fields. The three-dimensional metric hij remains essentially the same.
Since the dimensional reduction from eleven to five dimensions does not involve dualisation, an identification
of solution in five-dimensional or in eleven-dimensional terms is the matter of choice. Five target space variables
φ1, φ2, φ3, φ4, χ enter the eleven-dimensional metric algebraically, via the moduli X
I , λpq:
ds211 =
∑
I,i,i′
XI
(
(dzi)2 + (dzi
′
)2
)
+ λpq(dz
p + ap)(dzq + aq) + τ−1hijdxidxj ,
while the KK vectors ap in the T 2 sector are related to the target space potentials ωp via dualisation. In the form-field
sector,
A[3] = (A
1 + ψ1pdz
p) ∧ dz1 ∧ dz2 + (A2 + ψ2pdzp) ∧ dz3 ∧ dz4 + (A3 + ψ3pdzp) ∧ dz5 ∧ dz6.
the six quantities ψIp are the target space potentials, while the remaining one forms A
I are related to the potentials
µI via dualisation.
A. Asymptotic conditions
To find a proper direction in the target space which would lead to the solution with desired properties is a non-trivial
task, and usually it invokes an identification of the subgroups of the isometry group preserving certain asymptotic
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conditions for the metric (and/or the form field). For the black hole/black ring applications several such conditions
are of interest.
• Minkowskian metric
Consider the eleven-dimensional Minkowski metric in the Cartesian coordinates (assuming κ = −1)
ds211 =
7∑
k=1
(dzk)2 − (dz8)2 +
3∑
i=1
(dxi)2, A[3] = 0. (33)
This correspond to λ88 = −1, λ77 = 1 and all other potentials zero. Consequently, the coset matrix Mas = K.
By virtue of Eq.(23), such an asymptotic is preserved under isometries belonging to the isotropy subgroup H
of the SO(4, 4):
P I + P−I , ZI + Z−I , WI −W−I , X +X−, Ω7 +Ω−7, Ω8 − Ω−8.
• Flat metric in the S2 × S1 fibration
Another useful form of the flat metric is appropriate to the five-dimensional ring problems is
ds25 = −(dt)2 + r2 cos2 θ(dψ)2 + dr2 + r2(dθ2 + sin2 θdφ2),
and the reduction is performed along t, ψ where ψ have the sense of the angular variable along S1 in the ring
S2 × S1 fibration. We identify z7 = ψ, z8 = t, then the target space variables λ88 = −1, λ77 = τ = r2 cos2 θ.
Preservation of the above line element is more restrictive: from an analysis of an infinitesimal action of generators
(30) we find the only combination of the Killing vectors
ZI + Z−I .
Mathematically, this is related to the coordinate dependence of the asymptotical matrix M⊣∫ .
• Guisto-Saxena coordinates
However one can perform dimensional reduction with respect to the combinations φ± = 12 (φ± ψ) instead of ψ,
as suggested in the Ref. [53]. In this case the coset matrix M⊣∫ will be coordinate independent. The target
space potentials then read
λ77 = τ, λ88 = −1, ω7 = τ, τ = r2 (34)
(other potentials zero), so the coset matrix Mas will be given through the following constant 4× 4 blocks:
Pas =
 −τ
−1 0 0 0
0 −1 0 0
0 0 τ−1 0
0 0 0 1
 , Qas =
 0 τ 0 00 0 0 00 0 0 −τ
0 0 0 0
 .
To find the appropriate combinations of the Killing vectors consider their vacuum form setting all electromagnetic
potentials to zero and taking XI = 1 (in this case λ0 = λ):
Mp
q = 2λpr
∂
∂λrq
+ ωp
∂
∂ωq
+ δqp ωr
∂
∂ωr
,
H1 +H4√
2
= 2
∂
∂X1
− ωp ∂
∂ωp
,
H1 −H4√
2
= 2
∂
∂X2
− ωp ∂
∂ωp
,
ΣpI =
∂
∂ψIp
, Σp−I = ωp
∂
∂µI
+ λpq
∂
∂ψIq
, P I =
∂
∂µI
, P−I = −ωp ∂
∂ψIp
,
Ωp =
∂
∂ωp
, Ω−p = −2λprωs ∂
∂λrs
− (ωpωr + τλpr) ∂
∂ωr
.
Conditions (34) then give the following linear combinations preservingMas:
ZI + Z−I , W−I + P−I , X − Ω−8.
More general physically interesting asymptotic conditions may be encountered for five-dimensional type D metrics as
discussed in [54].
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VI. THREE-CHARGE BLACK HOLE WITH TWO ANGULAR MOMENTA
Five-dimensional stationary charged black holes were investigated for different couplings of vector fields to gravity
both for non-supersymmetric [55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67] and supersymmetric [68, 69] configura-
tions (for a recent review see [70]). Somewhat surprisingly, the simplest Einstein-Maxwell theory in five dimensions
does not possess analytic solutions like the Kerr-Newman black hole in four dimensions. This is related to the lack
of hidden symmetries which are enhanced in the supergravity action due to Chern-Simons term. The enhancement
endows us with charging symmetries which open the way to construct the three-charge doubly rotating black hole solu-
tion from the 5D vacuum Myers-Perry metric. We assume the following choice of coordinates: z7 = ψ, z8 = t, r, θ, φ,
and denote the rotation parameters as a, b. The seed solution then reads:
ds2 = −dt2 + ρ
2r2
∆
dr2 + ρ2dθ2 + (r2 + a2) sin2 θdφ2 + (r2 + b2) cos2 θdψ2 + p
(
dt+ a sin2 θdφ+ b cos2 θdψ
)2
. (35)
Using the relations between the metric components and the target-space potentials:
gtt = λ88, gtψ = λ78, gψψ = λ77,
gtφ = λ88a
8
φ + λ78a
7
φ, gφψ = λ78a
8
φ + λ77a
7
φ,
gφφ = λ88(a
8
φ)
2 + 2λ78a
7
φa
8
φ + λ77(a
7
φ)
2 + τ−1hφφ,
we find the σ-model variables:
λ88 = −1 + p, λ78 = pb cos2 θ, λ77 = (r2 + b2) cos2 θ + pb2 cos4 θ, τ =
(
r2 + b2 − r20 + pa2 cos2 θ
)
cos2 θ,
a7φ = τ
−1pab sin2 θ cos2 θ, a8φ = −τ−1p(r2 + b2)a sin2 θ cos2 θ, ω7 = −pab cos4 θ, ω8 = −pa cos2 θ.
The invariant three-metric reads
hijdx
idxj = τ
(
ρ2r2
∆
dr2 + ρ2dθ2 +
∆
τ
sin2 θ cos2 θdφ2
)
,
√
h =
1
2
τρ2 sin θ cos θ,
where
p =
r20
ρ2
, ρ2 = r2 + a2 cos2 θ + b2 sin2 θ, ∆ = (r2 + a2)(r2 + b2)− (r0r)2.
To equip this vacuum solution with three electric charges, we perform the following transformation:
M′ = ΠTMΠ, Π =
∏
I
eαI(ZI+Z−I),
where the product of one-parametric exponentials reads explicitly:
Π =

c3 0 −s3 0 0 0 0 0
0 c1c2 0 −s1c2 −c1s2 0 −s1s2 0
−s3 0 c3 0 0 0 0 0
0 −s1c2 0 c1c2 s1s2 0 c1s2 0
0 −c1s2 0 s1s2 c1c2 0 s1c2 0
0 0 0 0 0 c3 0 s3
0 −s1s2 0 c1s2 s1c2 0 c1c2 0
0 0 0 0 0 s3 0 c3

, cI ≡ cosh(αI), sI ≡ sinh(αI).
Using formulae of the Appendix D, one can extract the transformed potentials in the following form:
g′ψψ = λ
′
77 = D
−2/3 cos4 θ
(
p b2 − p2
(
s2(a2 + b2) + 2a b c s+ a2
∑
I<J
s2Is
2
J
)
− (a2 − b2)
(
1 + p
∑
I
s2I
))
+ D1/3ρ2 cos2 θ,
g′tψ = λ
′
78 = D
−2/3 cos2 θp(b c+ s a− p s a),
g′tt = λ
′
88 = D
−2/3(p− 1),
τ ′ = D−1/3τ, (XI)′ =
D1/3
DI
.
(uI)′ =
p cos2 θ
DI
(a cIsJsK + b sIcJcK), (v
I)′ =
p cIsI
DI
,
(µI)
′ = −DJ +DK
2DJDK
p cos2 θ(a sIcJcK + b cIsJsK), I 6= J 6= K.
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ω′7 = ω7 −
p2 cos4 θ
D
{
cs(a2 + b2) + 2abs2 + ab
∑
I<J
s2Is
2
J +
1
3
p
(
cs(a2 + b2)
∑
I
s2I
+ ab
(∑
I<J
s2Is
2
J(s
2
I + s
2
J)−
∑
I<J
s2Is
2
J + 3s
2 + 2s2
∑
I
s2I
))
+ p2abs2
}
,
ω′8 = cω8 +
p cos2 θ
D
{
bs+ psb
(
3 +
∑
I
s2I
)
+
1
3
p2
(
(ca+ sb)
∑
I<J
s2Is
2
J + 3sb
∑
I
s2I
)
+ p3acs2
}
,
where
c ≡
∏
I
cI , s ≡
∏
I
sI , D ≡
∏
I
DI , DI = 1 + ps
2
I .
Note that metric (35) is invariant under an interchange of the angular coordinates ψ and φ together with the cor-
responding rotation parameters φ ↔ ψ, θ ↔ θ + π/2, a ↔ b, namely, gtt ↔ gtt, gtψ ↔ gtφ, gψψ ↔ gφφ, gψφ ↔
gψφ, A
I
ψ ↔ AIφ. We assume that this symmetry remains valid for the charged solution (35) as well. This simplifies an
extraction of the final form of the solution avoiding the inverse dualisation. As a result we obtain the five-dimensional
one-forms AI and the metric components as follows:
AI =
p
DI
(
sIcIdt+ (b cIsJsK + a sIcJcK) sin
2 θdφ + (a cIsJsK + b sIcJcK) cos
2 θdψ
)
, I 6= J 6= K
g′φφ = D
−2/3 sin4 θ
(
p a2 − p2
(
s2(a2 + b2) + 2a b c s+ b2
∑
I<J
s2Is
2
J
)
+ (a2 − b2)
(
1 + p
∑
s2I
))
+ D1/3ρ2 sin2 θ,
g′tφ = D
−2/3 sin2 θp(a c+ s b− p s b),
g′ψφ = D
−2/3 cos2 θ sin2 θp
(
ab− p
(
ab
∑
I<J
s2Is
2
J + (a
2 + b2)cs+ 2abs2
))
,
h′ij = hij , g
′
rr = D
1/3 ρ
2r2
∆
, g′θθ = D
1/3ρ2.
This solution generalizes the solution found by Cvetic, Lu and Pope [57] for equal rotation parameters within the
gauged 5D supergravity, reducing to the latter for the gauge-coupling constant g = 0, an identification a = b = l
under relabeling sI → −sI , ψ, φ→ −ψ,−φ, AI → −AI . The three-charge doubly rotating black hole solution within
the compactified heterotic theory was given in [55].
VII. G2(2) EMBEDDED IN SO(4, 4)
The present model reduces to minimal five-dimensional supergravity under the following indentifications
ψ1 = ψ2 = ψ3 = ψ, µ1 = µ2 = µ3 = µ, λ
0 = λ, X1 = X2 = X3 = 1, (36)
leading to the relations:
φ1 =
1√
2
(ϕ2 +
1√
3
ϕ1), φ2 =
1√
2
(ϕ2 − 1√
3
ϕ1), φ3 =
√
2
3
ϕ1, φ4 = 0.
In this case the target space metric of the three-dimensional sigma-model will read:
dl2 =
1
2
(
dϕ21 + dϕ
2
2 + 3κe
ϕ2+
1√
3
ϕ1G2 + 3e
2√
3
ϕ1du2 + 3κe
ϕ2− 1√
3
ϕ1(dv − χdu)2 + κeϕ2+
√
3ϕ1G27
+ e2ϕ2G28 + κe
ϕ2−
√
3ϕ1dχ2
)
, (37)
where the one-forms are:
G = dµ+ vdu− udv,
G7 = V7, G8 = V8 − χV7,
Vp = dωp − ψp
(
3dµ+ ǫqtdψqψt
)
.
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This manifold is invariant under the G2(2) subgroup of the SO(4, 4). Dimensional reduction of the 5D minimal
supergravity to three dimensions was recently studied in [36, 37]. In the notation of [36, 37] the indices p, q, t take the
values 0, 1, the coordinate z7 is time-like and the matrix λ is related to the present one by transposition with respect
to the minor diagonal. In matrix terms the target-space metric (37) reads:
dl2 =
1
4
Tr
(
λ−1dλλ−1dλ
)
+
1
4
τ−2dτ2 +
3
2
dψTλ−1dψ − 1
2
τ−1V Tλ−1V − 3
2
τ−1G2.
This coincides with the result of [36, 37] for the Euclidean signature of the three-space (κ = −1).
A. g2(2) subalgebra of so(4, 4)
The above contraction to G2(2) can be described in terms of the root space as follows. Consider the root vectors of
the so(4, 4) algebra in the following basis:
~e1 =
(
s− 1
2
, s+
1
2
,
1
2
, s
)
, ~e2 =
(
1,−1, 1
2
, s
)
, ~e3 =
(
−s− 1
2
,
1
2
− s, 1
2
, s
)
,
~e4 =
(
1
2
− s,−s− 1
2
, 1, 0
)
, ~e5 = (−1, 1, 1, 0), ~e6 =
(
s+
1
2
, s− 1
2
, 1, 0
)
,
~e7 =
(
1
2
− s,−s− 1
2
,−1
2
, s
)
, ~e8 =
(
−1, 1,−1
2
, s
)
, ~e9 =
(
s+
1
2
, s− 1
2
,−1
2
, s
)
,
~e10 =
(
0, 0,
3
2
, s
)
, ~e11 = (0, 0, 0, 2s), ~e12 =
(
0, 0,−3
2
, s
)
, s =
√
3
2
.
Examination of this pattern shows that the following combinations of the triplets of the so(4, 4) root vectors
~α±4 =
1
3
∑
I
~e±I , ~α±1 =
1
3
∑
I
~e±(I+3), ~α±3 =
1
3
∑
I
~e±(I+6),
together with
~α±5 = ~e±10, ~α±6 = ~e±11, ~α±2 = ~e±12,
form the standard set of the g2 roots satisfying the relations:
~α±3 = ±(~α1 + ~α2), ~α±4 = ±(2~α1 + ~α2), ~α±5 = ±(3~α1 + ~α2), ~α±6 = ±(3~α1 + 2~α2).
The corresponding generators read:
M1 =
√
2
3
(H1 −H2 + 2H3), M2 =
√
2
3
(H1 +H2),
P± =
1√
3
∑
P±I , Z± =
1√
3
∑
Z±I , W± =
1√
3
∑
W±I , Ω±p, X±.
They obey the following commutation relations in the Cartan-Weyl form:
[P+, P−] =
1
2
M1 +
√
3
2
M2,
[W+,W−] =M1,
[Z+, Z−] = −1
2
M1 +
√
3
2
M2,
[Ω7,Ω−7] =
3
2
M1 +
√
3
2
M2, [Ω
8,Ω−8] =
√
3
2
M2,
[X+, X−] = −3
2
M1 +
√
3
2
M2,
[W±, P±] = ∓Ω±7, [Z±, P±] = ∓Ω±8,
[W±, Z±] = ∓P±,
[X±,W±] = ∓Z±,
[X±,Ω±7] = ∓Ω±8,
and so on.
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B. 8× 8 matrix representation for the coset G2(2)/(SL(2, R)× SL(2, R))
Contracting the set of the potentials ΦA according to the conditions (36), we obtain the following representation
for the coset blocks P and Q:
Q =
 µ, ω − µψT , 0ψ˜T , µσ3, ω˜ − µψ˜T
0, ψT , −µ
 , σ3 = ( 1 00 −1
)
.
P = −τ−1
 1, ηT , µη, ηηT − τλ˜, ηµ− τλ˜ψ˜T
µ, ηTµ− τψ˜λ˜, µ2 − τ − τψ˜λ˜ψ˜T
 , η = σ3ψ.
This gives a 8×8 representation of the coset G2(2)/(SL(2, R)×SL(2, R)) of the minimal five-dimensional supergravity
reduced to three dimensions, alternative to the 7× 7 one given in [36, 37].
VIII. CONCLUSIONS
In this paper we have constructed a generating technique for the U(1)3 5D supergravity with two commuting
Killing symmetries. This theory is reduced to the three-dimensional gravity coupled sigma model on symmetric
spaces SO(4, 4)/SO(4)× SO(4) or SO(4, 4)/SO(2, 2)× SO(2, 2) depending on the signature of the three-space. The
classical U-duality group of the three-dimensional theory is the 28-parametric non-compact group SO(4, 4) which
acts transitively on the target space. This enables one to generate new five-dimensional solutions with the same
three-metric from the seed ones. We were able to obtain finite transformations in terms of the target space potentials,
and, in addition, we constructed the 8 × 8 matrix representation of the coset, which is convenient for performing
the transformations explicitly. Particular combinations of transformations were identified which preserve asymptotic
conditions relevant for the black hole and the black ring problems. We presented the action of charging transformations
on a neutral seed, assuming the dimensional reduction in terms of Guisto-Saxena coordinates.
As an application, we have constructed a new rotating five-dimensional black hole with three independent charges
and two rotation parameters. Our technique allows in principle to generate black rings with the maximal number of
parameters (a mass, two rotation parameters, three electric charges and three magnetic dipole moments), but so far
our attempts to find such a solution in a concise form were unsuccessful.
An identification of the three vector fields and freezing out the two scalar moduli reduce the present theory to
minimal five-dimensional supergravity with the three-dimensional U-duality groupG2(2), which was extensively studied
recently along similar lines [36, 37]. For this limiting case we have presented a new matrix representation for the coset
G2(2)/(SL(2, R)× SL(2, R)) in terms of the 8× 8 matrices.
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APPENDIX A: 8× 8 MATRIX REPRESENTATION
We choose the following 8× 8 matrix representation of the so(4,4) algebra
E =
(
A B
C −AbT
)
, (A1)
where A, B, C are the 4 × 4 matrices, A, B being antisymmetric, B = −BT , C = −CT , and the symbol T̂ in AbT
means transposition with respect to the minor diagonal. The diagonal matrices ~H are given by the following A−type
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matrices (with B = 0 = C):
AH1 =

√
2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
 , AH2 =

0 0 0 0
0
√
2 0 0
0 0 0 0
0 0 0 0
 , AH3 =

0 0 0 0
0 0 0 0
0 0
√
2 0
0 0 0 0
 , AH4 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0
√
2
 .
Twelve generators corresponding to the positive roots are given by the upper-triangular matrices Ek, k = 1, . . . , 12,.
From these the generators labeled by k = 2, 4, 6, 7, 9, 12 are of pure A-type (with B = 0 = C):
AE2 =
 0 0 0 10 0 0 00 0 0 0
0 0 0 0
 , AE4 =
 0 0 0 00 0 0 00 0 0 −1
0 0 0 0
 , AE6 =
 0 1 0 00 0 0 00 0 0 0
0 0 0 0
 ,
AE7 =
 0 0 0 00 0 0 −10 0 0 0
0 0 0 0
 AE9 =
 0 0 −1 00 0 0 00 0 0 0
0 0 0 0
 , AE12 =
 0 0 0 00 0 −1 00 0 0 0
0 0 0 0
 .
while the other six are of pure B type (with A = 0 = C):
BE1 =
 1 0 0 00 0 0 00 0 0 0
0 0 0 −1
 , BE3 =
 0 0 0 00 −1 0 00 0 1 0
0 0 0 0
 , BE5 =
 0 0 0 00 0 0 0−1 0 0 0
0 1 0 0
 ,
BE8 =
 0 0 0 0−1 0 0 00 0 0 0
0 0 1 0
 , BE10 =
 0 1 0 00 0 0 00 0 0 −1
0 0 0 0
 , BE11 =
 0 0 1 00 0 0 −10 0 0 0
0 0 0 0
 .
The correspondence with the previously introduced generators is as follows (I = 1, 2, 3, p = 7, 8):
P I ↔ EI , WI ↔ EI+3, ZI ↔ EI+6, Ωp ↔ Ep+3, X ↔ E12.
In this representation, the matrices corresponding to the negative roots,
P−I ↔ E−I , W−I ↔ E−(I+3), Z−I ↔ E−(I+6), Ω−p ↔ E−(p+3), X− ↔ E−12,
are transposed with respect to the positive roots matrices:
E−k = (Ek)T .
The following normalization conditions are assumed:
tr(Hi, Hj) = 4δij , i, j = 1 . . . 4, tr(Ek, E−k) = 2,
and the involution matrix K is chosen as
K = diag(κ, κ, 1, 1, 1, 1, κ, κ).
The generators of the isotropy subgroup are selected by the Eq. (23). They are given by the following linear
combinations of the generators:
P I − κP−I , ZI − κZ−I , WI −W−I , X − κX−, Ω7 − κΩ−7, Ω8 − Ω−8.
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APPENDIX B: DETAILS OF THE COSET MATRICES
The block matrices entering SΨ and RΨ, being expressed though the target space potentials, read:
e
1
2
Ψ3Ψ˜Ta =
 12 (uav3 − u3va)−va
−ua
 , a = 1, 2; Ψ12 = −
 0 0 0v1u2 v1v2 0
u1u2 u1v2 0
 ,
Ψ3Ψ12 +Ψ12Ψ˜3 =
 v3u1u2 − u3v1u2, −u3v1v2 + v3v2u1 00 0 u3v1v2 − v3v2u1
0 0 −v3u1u2 + u3v1u2
 , (B1)
Ψ3Ψ12Ψ˜3 =
 0 0 (u3)2v1v2 − u3v3v1u2 − u3v3v2u1 + (v3)2u1u20 0 0
0 0 0
 .
The explicit form for Q is:
Q =

µ1 +
u3v2−v3u2
2 ω7 − u3v1u2−2u3v2u1+v3u1u26 − u2µ2, ω8 + v3u1v2−2v3u2v1+u3v1v26 − v2µ2 0−v2 −µ3 + v1u2−u1v22 0−u2 0
0
 ,
and the blocks entering P are
eΨ
T
3 Λ =
(
κe
√
2φ1 0
κe
√
2φ1η λ˜0
)
, η =
(
u3
−v3
)
, a = 1, 2
eΨ
T
3 ΛeΨ3 = κe
√
2φ1
(
1
η
)
⊗ (1, ηT )+ ( 0 0
0 λ˜0
)
.
APPENDIX C: TRANSFORMATIONS PRESERVING ASYMPTOTIC FLATNESS
In this appendix we exhibit the action of the transformations generated by linear combinations of generators
ZI + Z−I , W−I + P−I , X − Ω−8
on a neutral seed :
X1 = X2 = X3 = 1,
φ1 =
1√
2
(ϕ2 +
1√
3
ϕ1), φ2 =
1√
2
(ϕ2 − 1√
3
ϕ1), φ3 =
√
6
3
ϕ1, φ4 = 0,
Λ =
( −τ−1 0
0 λ˜
)
, λ = λ0 6= 0, τ = τ0 = e−
√
2φ1 , ωp 6= 0,
ψI = 0, µI = 0.
The relation e−
√
2φ1 = τ is a consequence of the condition X3 = 1 (see Eq.(13)). Such a seed may describe a neutral
black ring or a black hole with one or two independent rotation parameters. Three above transformations preserve
asymptotic flatness with the Guisto-Saxena choice of coordinates and generate some combinations of charges. For
this seed the coset blocks simplify to
P0 =
(
Λ 0
0 1
)
, Q0 =
(
0 Ω
0 0
)
,
and we obtain he following transformations of the potentials:
1. ZI + Z−I
λ′77 = D
−2/3(λ77c2 − τs2), λ′78 = D−2/3cλ78, λ′88 = D−2/3λ88, τ ′ = τD−1/3,
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e
√
2φ′1 =
{
τ−1, I = 1, 2
Dτ−1, I = 3
, e
√
2φ′4 =

D−1, I = 1
D I = 2
1, I = 3
(vJ )′ = δJI
sc(1 + λ88)
D
, (uJ)′ = δJI
sλ78
D
, (XJ)′ = D−2/3δIJ +D1/3(1− δIJ).
µ′I = 0, ω
′
7 = ω7, ω
′
8 = cω8,
with
D = c2 + s2λ88, c ≡ cosh(α), s ≡ sinh(α).
2. W−I + P
−I
λ˜′77 =
{
λ˜77, I = 1, 2
D2
D1
λ˜77, I = 3
, λ˜′78 =
{
λ˜78(1− ξ2)− λ˜77ξ3, I = 1, 2
D2
D1
(λ˜78(1− ξ2)− λ˜77ξ3), I = 3
,
λ˜′88 =
{
λ˜77ξ
2
3 − 2λ˜78ξ3(1 − ξ2) + λ˜88(1− ξ2)2 + α2(1− 12ξ1), I = 1, 2
D2
D1
(λ˜77ξ
2
3 − 2λ˜78ξ3(1− ξ2) + λ˜88(1− ξ2)2 + α2(1− 12ξ1)), I = 3
,
τ ′ =
{
τD−11 , I = 1, 2
D1D
−2
2 τ, I = 3
, e
√
2φ′1 =
{
D2τ
−1, I = 1, 2
D1τ
−1, I = 3
, e
√
2φ′4 =

D2/D1, I = 1
D1/D2, I = 2
1, I = 3
ω′7 = D
−1
2 (ω7(1 + ξ2)− λ77ξ1), ω′8 = D−12 (ω8(1 + ξ2)− λ78ξ1),
(vJ )′ = δJID−11 α(λ77ξ3 + λ78(1 + ξ2 − ξ1)− ω8(1− ξ2)),
(uJ)′ = δJID−11 α(λ77(1− ξ1)− ω7(1− ξ2)),
µ′J = δJID
−1
2 α(ω7(1 + ξ2)− λ77ξ1 − τ),
(XJ)′ =
(D2
D1
)−2/3
δIJ +
(D2
D1
)1/3
(1− δIJ ).
where
ξ1 =
α2τ
2
, ξ2 =
α2ω7
2
, ξ3 =
α2ω8
2
, ξ4 =
α2λ77
2
.
D1 = (1− ξ2)2 + 2ξ4(1− 1
2
ξ1), D2 = (1 + ξ2)
2 − 2ξ1(1 + 1
2
ξ4).
3. X − Ω−8
λ˜′77 = −α2τ + λ˜77ξ21 − 2λ˜78αω7ξ1 + λ˜88α2ω27 ,
λ˜′78 =
1
2
α3τ − 1
2
λ˜77αξ1(1 + ξ1) + λ˜78(ξ1 + ξ2 + 2ξ1ξ2)− λ˜88αω7(1 + ξ2),
λ˜′88 = −
1
4
α4τ +
1
4
λ˜77α
2(1 + ξ1)
2 − λ˜78α(1 + ξ1)(1 + ξ2) + λ˜88(1 + ξ2)2,
φ′4 = 0, e
√
2φ′1 = Dωe
√
2φ1 , τ ′ = D−1ω τ,
ω′7 = D
−1
ω
(
ω7(ξ1 − ξ2) + α(1
2
αλ77 + λ78)τ
)
,
ω′8 = D
−1
ω
(
(ω8 + αω7)(ξ1 − ξ2) + α(1
2
α2λ77 +
3
2
αλ78 + λ88)τ
)
,
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(ψI)′ = 0, µ′I = 0, (X
I)′ = 1,
Dω = (1− αω8 − 1
2
α2ω7)
2 − α2(1
4
α2λ77 + αλ78 + λ88)τ,
ξ1 = 1− αω8, ξ2 = 1
2
α2ω7.
APPENDIX D: POTENTIALS IN TERMS OF P AND Q
Here we give the explicit expressions for the target space potentials in terms of the components of the matrix P
and Q:
ψ1 =
1
P11D11,22,33
(
D11,23D11,24 −D11,22D11,34
D11,23D11,34 −D11,24D11,33
)
, ψ2 =
( Q42
Q43
)
, ψ3 =
( P12/P11
−P13/P11
)
,
where Dij,kl denotes the determinant of 2× 2 matrix constructed from Pij :
Dij,kl = PijPkl − PikPjl,
and D11,22,33 is the determinant of the 3 × 3 minor of the 4 × 4 matrix P with the diagonal P11,P22,P33. The
remaining quantities read:
κe
√
2φ1 = P11, λ˜0 = 1P11
(
D11,22 D11,23
D11,23 D11,33
)
,
µ1 = Q11 − 1
2P11 (P12Q43 + P13Q42),
µ2 =
P14
P11 +
1
2
(u3v1 − v3u1),
µ3 = Q33 + 1
2
(v1u2 − v2u1).
e
√
2φ4 = P44 − (µ2 + 1
2
(v3u1 − v1u3))2P11 − λ˜077v21 − 2λ˜078v1u1 − λ˜088u21,
ω7 = Q12 + u2µ2 + 1
6
u1u2v3 − 1
3
u3u1v2 +
1
6
u3u2v1,
ω8 = Q13 + v2µ2 − 1
6
u3v1v2 +
1
3
v3v1u2 − 1
6
v3v2u1.
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